Partial Differential Equations||

While Chapter 6 introduced the three categories of PDES (hyperbolic, parabolic, elliptic), it only focused on solving
the parabolic PDE (in the guise of the diffusion equation). Chapter 7 concentrates on solving the hyperbolic form of
the PDE, and Chapter 8 the elliptic version. We will only cover Chapters 6 & 7 this semester, so that we will have
time to cover the fun and useful topic of Stochastic Methods (Chapter 11). Adapted from Numerical Recipes

The hyperbolic wave equation (speed v)
02u/ot? = v? 92ulox?
can be rewritten as two first-order differential equations
or/ot =vosox 9ot = vor/ox where I = vou/oXx &  s=oduldt
Defining u as a column vector with components r and s yields the linear matrix relation
v/lu asan aternative way of expressing the (initial value PDE) flux-conservative equation

F(u) = 0 —v
-v 0O ou/dt = —dF(u)/dx with F being the conserved flux.

Y ou may recognize this description as an analog to Maxwell's equations for the 1D propagation of E& M waves.

Advective Equation
Suppose we have a problem similar in form to the advective equation (1D fluid flow at velocity v):
ou/dt = —vau/ox where the analytic solution is known (see text), but the numerical approach well
learn is widely applicable to solving hyperbolic equations.

Approximate the time derivative of u by
du/ot |, = [U™ —um /At + O(At) X = X HAX, j=0,1,...,J
t =1t,+nAt, n=0,1,...,N

We've seen this numerical approximation: it's called the
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Approximate the spatial derivative of u by
aulox |, =[u "—u_"/2Ax + O(AX)

j+1

The advective equation can be numerically solved according to the Forward Time-Centered Space:

[u™ —uf /At = —v [u, "—u "/2AX
desired solution
A .
O points used for time derivative Diagram for FTCS
torn 3
3 Question: for which variable are
o we trying to solve here? (indicated
w . .
v by the open circle) i.e., What are
points used for spatial derivative the subscript and superscript?
>
X Or |

Unfortunately, as the book points out, the FTCS method does not do agood job! Mr. Lax found that replacing the
u" term with its spatial average fixesthings, u" — %2 (u_,"+u,_,"):
ujn+l =15 (uj+ln + uj_ln) —V (ujﬂ”—uj_l”) At/2AX

A

torn @ Diagram for Lax Differencing Approach

Question: What is the uncertainty level using
this approach?
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