Phys 2310 Mon. Oct. 19, 2009
Today’s Topics

e Begin Chapter 2: Wave Motion
* Reading for Next Time
 No Lab this week!



Homework this Week

Chapter 2: #3, 9 (use Excel), 17, 37, 38, 41
Due Fri. Oct. 23



Chapter 2: Graphical Addition of Waves

Polar coordinates can be
used to graphically add
amplitudes and phases.

— Think in terms of vectors
(phasors):

A<¢ or sometimes A<0

Multiple waves:
a,<9,, a,<9d,, etc.
— Constructive interference:
a, opposite a,
— Constructive interference:
a, parallel to a,
— General interference:
See diagram at right.




Chapter 2: Complex Representation

« Harmonic waves can also be described by complex numbers.
— Main motivation is that the math is easier.

2=x+iy wherei = +/-1

x and y are the real and imaginary parts of z
Recall that x and y are the projections in polar coords.:
X=rcosf and y=rsinfd andso:

7 = r(cos@ +ising) butsinceforr =1:

dz=-izdo wecan integrate this and see:

Z=ei0

and so:;
e'’ =cosO +isin® ande™® =cosH —isind so:
i0 -i6 i0 -6

cosO = and sin@ =

7 =re" (risamplitudeand 6 is the phase)



Chapter 2: Complex Representation

Harmonic
— Main

waves can also be described by complex numbers.
motivation is that the math is easier.

— Another justification of the Euler equation can be seen via a Taylor
expansion of Sine and Cosine:

Recall the Taylor expansion of the Sine:
3 5 7
sin(@) =6 —6—+6——6—+
3 57
and for Cosine :
2 4 6
cos(x) --1—0—+6——6—+
2! 4 ol

Since the general form of an imaginary number is:

7= r[cos(@) +isin(@)] then to a fourth -order:

31 &5 7
nding and grouping terms:

0% ie®* 0* ie°® 06° i67]

+—+ -
21 3l 41 5l 6! 7
that the odd terms contain i but so do the even ones sincei? = —1. Thus:
- - . 2 . 3 - 4 - 5 - 6 . 7
1, 10) (6)* (10)° (i0)' (i6)° (i6)° (i0) ]

il 21 3! 41 51 6! 7!

recall that the Taylor expansion for e* is:

[ 2 4 6 3 5 7
1_6_+6__0_+i(g_0_+0__0_)]

x x> x* x* x® x° !

1+— +—+ +—+%] andso:

+—t—+—+—
21 31 4 51 6l

7z = re' (indeed the Euler equation)



Chapter 2: Complex Representation cont.

« Mathematics of complex numbers
— Absolute value, addition, multiplication, division

Consider the complex conjugate :
Here we replacei with —i.Thus:

*

7 = (x+iy) = (x—iy) andso:

*

7 = r(cosf —isin@) and:

z =re™
Addition of comples numbers:

21% 25 = (% +iy,) = (X, +iy,) andso:

ZixZo=(X £ X,) +1(y, + Y,)
Multiplication and division becomes:

. _ S
2122 = e’ %) and z1/z, = 2 e'*%)
r2

Absolute value (modulus) is:

*

zl=(zz )"? andso:

X

=€




Chapter 2: Complex Representation cont.

« Mathematics of complex numbers
— Absolute value, addition, multiplication, division

Itis also clear that:

e'*" =1 since cos(27)=1andsin(2z) =0 and:

ein — e—in — _1 and eximz — ii

The real and imaginary parts of a complex number :

Re(i) =rcos(e)and Im(i) =rsin(f) andso:

Re(z)=§(z+;*J and .m(;)%(;_;*)

Note that both the real and imaginary parts are harmonic
Traditionally thereal part is used. Thus:

W (X, 1) = Re[Ae+9)] = Al



Chapter 2: Three Dimensional Waves

Flat, plane waves
— Wavefront: locus of points where disturbance has constant phase

— Simplest form for a 3-d wave is a plane wave
» Cartesian coordinates is sufficient

We seek the equation for a plane perpendicular to a vector k.
The position vector for any two points in the planeis:
F=xi+Vyj+ 7k (x,y,z) and 1, = x0f+ y0]+ zOIZ (X1 Yo120)
and so a vector in the planeis:

(F-7)= (x=%)i +(y = Yo)  + (2 - 2,)k

Sincek =k,i +k,j+k,k thedot product of (F - F,) and K is zero:
and defines the plane is perpendicular tok :

(F-r,)ok =0 or:

K (X=%)+K,(y=Y,)+k,(z-2,)=0

But this requires:

kx+k,y+k,z=const.=k X, +k Yy, +k,z,

and so more generallythe plane perpendicular tok is :

k * F = const. and so harmonic plane waves are :

y (F) = Asin(K * F) or v (F) = Acos(k * F) or y (F) = Ae'®™™
But for an infinite wave filling all space the wave repeats. Thus :

y(r) =¢(F + %) where K is the propagation vector and k is the propagation number.



Chapter 2: Three Dimensional Waves cont.

* Flat, plane waves
— Now consider the wave after some time t
— The phase moves with the phase velocity
— In exponential form we have:

1/J(F,t)= Aei(E-r:Lwt)

Recall that sincee™ =1=¢'*":

k =2m /A Thus the wave velocity:
dar, o

=+— ==V

dt k
A less compact form but one emphasizing Cartesian coords is:

v (X,Y,2z,t)=Ae
Y (XY, z,t) = Ae'lM @A+l \where o, B,y are the direction cosines.

i(kx+ky y+k,zFat)

which is equivalent to



Chapter 2: Three Dimensional Waves cont.

 The Three-dimensional Wave Equation
— From the one-dimensional wave equation it is easy to see that:

oy Oy Yy 1 o
2 + 2+ 2 = 2 12
X oy oz v? ot
A more compact (and general) form uses the Laplacian operator :
9% 9% 97

V? = —+— +— and so the wave equation becomes:
x> ay® oz
) 1 94y ) ) - )
V7 = ———- Note that this form does is not explicitly Cartesian.
t

Y
It can be shown that in spherical coordinates (r,0,¢) :

1 9 d 1 a (. d 1 d?
Vis S —(|r?—|+————|sin6 +—— 5

r< ar or resin@ 00 00 resin 0 o¢
but we can choose our origin to be the origin of the wave and so:

or
1 97 1 9%y
—_ r - T
r or? (ry) v? oat?
Similarly, for cylindical coordinates the Laplacianis:
1 1 2 2
veald (poy, 1 o 0%
ror\ or r< o060 0z
and so for cylindrically symmetric waves the wave equation becomes:
10 (. oy\_109%
ror{ or v? oat?

Vap = izi(,i a_w) and so the equation becomes::




Reading this Week

By Wednesday:

Finish Ch. 2 (2.4 — 2.10) Superposition, Phasor
addition, Complex representation, Multi-
dimensional waves

11



Homework this Week

Chapter 2: ##3, 9 (use Excel), 17, 37, 38, 41
Due Fri. Oct. 23
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