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CHAP. 3] THE LORENTZ COORDINATE TRANSFORMATIONS 17

Note that if the two events occur at the same spatial location, only one clock is needed by each
observer to determine if the events are simultaneous. On the other hand, if the two events are separated
spatially, then each observer needs two clocks, properly synchronized, to determine whether or not the two
events are simultaneous.

Solved Problems

3.1. - Evaluate 4/1 — (v2/c?).for (@) v = 107 %¢; (b) v =0.9998c.

Ans.  In the following we make use of the binomial expansion,

(= L D

(@) Settingx = —10"*andn = % in the-binomial expansion, and, because x is so small, keeping only
the first two terms of the expansion, we obtain

(1-10"H"2 ~ 1 +1(=107%) = 1 — 0.00005 =0:99995

) J1 =@/ = \/ 1 —(0.9998)% = /1 — (1 — 0.0002)
To evaluate (1 — 0.0002)> we employ the binomial expansion to obtain
(1 —0.0002)* ~ 1 —2(0.0002) = 1 — 0.0004

Using this in the above expression we obtain

V1 —(@02/c?) ~ /1 — (1 = 0.0004) = +/0.0004 =0:62

3.2.  As measured by O, a‘fiashbulb.goes off-at x = 100km, y = 10km; z= tkmat + =5 x 10=4s,
What are the coordinates-x’;y/,2, and-#~of this event.as determined by a second observer, O’,
moving relative to- 0. at. —0.8¢ along-the-common x=x' axis?

Ans.  From the Lorentz transformations,

—_— —_—— S —4
oo x—ot _100km— (=08 x3 x 10%km/s)(S x 1074s) _ 0
- @2/) J1- 038y
v . (—0.8)(100 km)
t——x §x 10— h T
/ 2 XS T 105 ks »
t—_—_.,izz = =128 x107"s
V1—=(@*/c?) J1-(0.8)
y/ =y = lOkrn
Z=z=1km

3.3.  Suppose that a particle moves relative to O’ with a constant velocity of ¢/2 in the xy/-plane such
that its trajectory. makes an angle of 60° with the x'-axis. If the velocity of O’ with respect to O is
0.6¢ along the x—x axis, find the equations of motion of the particle as determined by O.

Ans.  The equations of motion as determined by O’ are

¥ —ut = —;—(cos 60°)¢ V=ul= %(sin 60°)
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CHAP. 4] RELATIVISTIC LENGTH CONTRACTION 21

subtraction technique of Section 3.3; the correct answer will not be obtained by multiplying or dividing the
original spatial separation by /1 — (v?/c?).

4.1.

4.2.

4.3.

44.

4.5.

Solved Problems

How fast does a rocket ship have to go for its length to be contracted to 99% of its rest length?

Ans. From the expression for length contraction (4.1),

L —_—
. 0.99 = /1 —(1?/c?) or v=0.141¢c
0

Calculate the Lorentz contraction of the earth’s diameter as measured by an observer O’ who is
stationary with respect to the sun.

Ans.  Taking the orbital velocity of the earth to be 3 x 10* m/s and the diameter of the earth as 7920 mi, the
expression for the Lorentz contraction yields

3 x 104 2 :
3z_108_21‘£) ~ (7.92 x 10° mi)(1 — 0.5 x 10°%)

D = Dyy/1 — (1?/c?) = (7.92 x 10° mi)\/l - (

Solving, Dy — D =3.96 x 105 mi = 2.51in. It is seen that relativistic effects are very small at
speeds that are normally encountered.

A meterstick makes.an angle-of 30° with respect-to-the x’-axis of O*. What must be the value of v-if
the meterstick makes. an-angle of 45° with.respect to the x-axis-of O?

Ans.. 'We have:
L, =L'sin® =(I'm)sin30° = 0.5m L. =L'cos§ = (1 m)cos30° = 0.866 m
Since there will be a length-contraction only in the.x-x" direction,
Lyp=efle=075 1 L, = L1 = (12/c?) = (0.866 m)y/1-—(v?/c?)
Since tan.0 = L;/L,,

tand5° = 1'= - —

Solving, v =0.816¢.

Refer to Problem 4.3. What is the length of the meterstick as measured by O?
Ans.  Use the Pythagorean theorem or, more simply,

L= L, 05m

= 45~ smase - 0707

A cube has a (proper) volume of 1000 cm®. Find the volume as determined by an observer O’ who
moves at a velocity of 0.8c relative to the cube in a direction parallel to one edge.

Ans.  The observer measures an edge of the cube parallel to the direction of motion to have the contracted
length

L= 1/T— @/c?) = (10em),/1 — 0.8)° = 6¢m




24 RELATIVISTIC TIME DILATION [CHAP. 5

' YA y

—_—
v Clocks 1 and 2 v
advance through Ar>Af,

Single clock advances

Single clock through Arg <At
v O W Q .
Clock 1 Clock 2 x Clock 1 Clock 2 x
(2) ®)

Fig. 5-1. Time Dilation as Viewed by Observer O

Time dilation is a very real effect. Suppose in Fig. 5-1 cameras are placed at the location of clock 2 and
at the location of the single clock, and a picture is taken by each camera when the single clock passes clock
2. When the pictures are developed, each picture will show the same thing—that the single clock has
advanced through Az, while clock 2 has advanced through At > At,, with Az and Aty related by the time
dilation expression.

‘A Warning!

Tt is important to keep clear the distinction between the “time separation” of two events and the
“proper time interval” between two events. If observers O and O’ measure the time separation between two
events that, for both observers, occur at different spatial _locations, then these time separations are nof

related by simply multiplying or dividing by /1 — (1?/c?).

Solved Problems

5.1.  The average lifetime of u-mesons with a speed of 0.95¢ is. measured to be 6 x-107%.s. Compute the
average lifetime of p-mesons in-a system in which-they are at rest.

Ans.  The time measured in a system in which the p-mesons are at rest is the proper time.

Aty = (ADVT = (2 /e?) = (6. x.107° $)y/1— (0.95)% = 1.87 x 107°s

5.2. An airplane is moving with respect to the earth with a speed of 600m/s. As determined by earth
clocks, how long will it take for the airplane’s clock to fall behind by two microseconds?

Ans. From the time dilation expression,

Atplane Atplane Atplane
Atearth = e IR o pont- A

ThE (e T
_T [ (6x 10 m/s
¢y (3 x 108 m/s)

@2 x 107 ) Al gy ~ Aleary — Alpiane = 2 % 107%s
Al ~ 10°s = 11.6 days

This result indicates the smallness of relativistic effects at ordinary speeds.
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CHAP. 5] RELATIVISTIC TIME DILATION 25

5.3.

5.4.

5.5.

5.6.

Observers O and O’ approach each other with a relative velocity of 0.6¢. If O measures the initial
distance to O’ to be 20 m, how much time will it take, as determined by O, before the two observers
meet?

Ans.  We have

dist 2
- e om___ _j11x107%s
velocity 0.6 x 3 x 108 m/sec

In Problem 5.3, how much time will it take, as determined by O’, before the two observers meet?.

Ans.  The two events under consideration are: (4) the position of O’ when O makes his initial measurement,
and (B) the coincidence of O and O’. Both of these events occur at the origin of O’. Therefore, the
time lapse measured by O’ is equal to the proper time between the two events. From the time dilation
expression,

Aty = (ADY1 = (2/c?) = (11.1 x 107¥ 5)y/1 — (0.6)2 = 8.89 x 107%s
This problem can also be solved by noting that the initial distance as determined by O is related
to the distance measured by O through the Lorentz contraction:
L' =Lyl = (v%/c?) = (20m),/1 — (0.6)> = 16m
Then
r 16 m

A,z——-:i
! v 0.6 x3x108m/s

=889 x 107%s

Pions have a hal.f-life of 1.8 x 10~%s. A pion beam leaves an accelerator at a speed of 0.8c.
Classically, what is the expected distance over which half the pions should decay?

Ans.  We have:
distance = v At = (0.3 x 3 x 10%m/s)(1.8 x 1078s) = 4.32m

Determine the answer to Problem 5.5 relativistically.

Ans.  The half-life of 1.8 x 1078 s is determined by an observer at rest with respect to the pion beam. From
the point of view of an observer in the laboratory, the half-life has been increased because of the time
dilation, and is given by

_ ‘At _18x107%s

= = " —=3x107%s
JT—(ied) 1= (08

Therefore, the distance traveled is
d=vAr=(08x3x108m/s)(3 x 107%s) =7.20m

For an observer at rest with respect to the pion beam, the distance d,, the pions have to travel is
shorter than the laboratory distance d; by the Lorentz contraction:

d, =dp/1 - (?/c*) = dp/1 ~ (0.8)* = 0.6d,

The time elapsed when this distance is covered is

d 0.64,
P — Gy 1
Ato-v or 1.8 x 10 S_O.8x3x108m/s

Solving, d, = 7.20m, which agrees with the answer determined from time dilation.

i g




by_ the luminiferous ether. But Einstein discovered the equations !
quite independently a year later with the help of his fresh and
radical approach to the whole problem.

In deriving the Lorentz. transformations in the last section, we
' considered only the requirements imposed by light signals
traveling along the x direction. A more general approach would
have developed them by applying the requirements of Einstein’s
second postulate to a light signal traveling in an arbitrary . di-
rection. Having already set up the transformations, however,
we can use them to illustrate a seeming paradox which is con-
tained in Einstein’s postulate. It is this: Suppose thatsa burst of
light begins spreading out (in vacuum) from the origin of frame
Sat = 0. At any later time ¢ the light will have reached all
points on a sphere of radius r, centered on the origin of S, such

that » = ct. Then if lhis' same phenomenon is observed with
respect to a frar_r‘fé"S’,ﬂmgvmg with respect to S with any velocity
D, The aé'é'fffii)tion of the expanding burst of light is again a sphere, [
in"this case centered on the origin of §'—even though, by defini-
&* tion, the origins of Sand S’ coincide only at the instant ¢ = ¢ = 0.
e To see how this result emerges, we take the equation r = ¢t~

and rewrite it in terms of position and time coordinates mea-

i
| |

t MORE ABOUT THE LORENTZ TRANSFORMATIONS1
|

'

|

|

|

I

WL AU 3 sured in S'. By first squaring both sides of the eqqatiop we get
/\ : ﬁ g'zl”-; X2 4yt 2=l oo = / ! \,[ 4 :
Ve h Now use the right-hand set of equgtions (3-16). The above S
y equation then becomes the following:
Vo + oty + O @) = VA Fox /et

It may be noted that the cross terms in x't’ on the two sides of
the equation are equal, and so dis_appear.\/ Collecting the other

o terms, we have
A
R
L Y — 92/eD) + () + @) = VO = o)
’ ; \z Al ’ )(» 1Having once recognized that these transformations were arrived at by both
(= 4. =17 Lorentz and Einstein, we shall usually in future refer to them by this briefer

and more customary title.

81 More about the Lorentz iransformations




But
vl — v%/c?) =1

Therefore,

s

(xl)2 + (yI)Z + (21)2 = c2(t’)2 v
which defines a sphere of radius r’ such that
r=ct u/""

This result, which at first sight appears to do violence to one’s
: - commonsense ideas, is bound up with the relativity of simul-
Ce.mT gT. tapeity. Points which, as measured in S, are reached at the same

s = S

time ¢, are reached at different times as ‘measured in 8, 1n§g&fa
[ ‘fashion that the light is properly described as Iying on a spherical
725 ghell éxpanding “at speed ¢ in both frames ' m

P

MINKOWSKI DIAGRAMS: SPACE-TIME

A valuable aid to the arguments in this chapter has been the use

of graphs, with axes representing position and time, which allow
one to display the complete history of a one-dimensional motion.
The use of such graphs in special relativity was introduced by
H. Minkowski in 1908, and they are customarily referred to as
Minkowski diagrams. On any such diagram, as we have seen,
any individual event—e.g., @ .ght signal striking a detector, or
one tick of a watch—is uniquely represented by some point P
(Fig. 3-6). The detailed specification of this event, however, in
terms of numerical values of x and ¢, can be made in infinitely
many different ways according to the particular reference frame
chosen. The description of a point event is described in frame S
by the coordinates (x,f) and in S’ by the coordinates ', t).
If the origins of Sand S’ are chosen so as to coincide at ¢ = t' =0,
then the relation between (x, {) and (x', ) is contained in the
Lorentz transformations of equations (3-16).

It is very convenient to use cf, rather than ¢, to describe the
time coordinate. Both coordinates, ct and x, are then expressed
as distances, and if the scale of distance is chosen to be the same
for both, the world line of a light signal starting out at x = 0,
¢ = 0, is a bisector of the angle between the axes. This holds
good in all reference frames. We can represent any one such frame
(say, S) by drawing the axes of x and ct at right angles to one

s
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Length Contraction paradoxes 33

contraction is no «illusion’’: it-is real g{ ;.ew,,Q,
h no direct experimental verification
there is no question that in principle
der the admittedly unrealistic situa-
tion of a-man carrying horizontally a 20-foot-pole-and
wanting to-getitintoa 10-foot-garage. He will run-atspeed
p.=,366c 10 makey =2, SO that his-pole contracts to 10
feet. It will be well to insist on having @ sufficiently massive
block of concrete at the back, of the garage, SO that there is
on-of whether the pole finally stops in the inertial
g, OT vice versa. Thus the man runs with \
e garage and. a-{riend

The relativistic length
in every way. Thoug
has yet been attempted,
it could be done. Consi

no questi
frame of the garag
his {now contracted) pole into th
quickly closes the door. In principle we do not doubt the
feasibility of this experiment, i.€., the reality of length
contraction. When the pole stops in the rest frame of the
garage, it is, in fact, being “rotated in spacetime”’ and-will
tend 1o assume,.if it can, its-original length relative to the
garage. Thus, if it survived the impact, it-must now either
bend, 0f butrstthe doors

. At this pointa <paradox” might occur to the reader: what
about the symmetry of the phenomenon’? Relative 1o the
runner, won't the garage beonly 5 feet fong? «Yes; indeed.
Then how can the 20-foot pole.get-into theS-foot-garage’
Very well, let us consider-what happens in-the rest frame of
ihe.pole~ The-open garage now - comes towards. the sta-
tionary pole.” Because of the goncrete wallvit-keeps-on going
even-after.the impacts taking thefront.cad of-thepole-with
it.. But the-back.end of-the-pole-isstitl at rest. it.cannot yel.
“khow’ that.thefront end has been struck, because of the

:' 4 (-:.-'\_. L \]-!r {J{_J Y4 .:‘_)(! I LY G .,-—- |-/ ._Q_’,—-’I'f..
: L Wi i

L1,
) S S
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52 EINSTEINIAN KINEMATICS

mO LMZ!)&L finite speed of propagation of all signals. Even.if the “'sig-
nal” (in this case the elastic shock wave) travels.along-the
po]e with the speed of light, that signal*has-20-feet to travel
dgams{ the garage front’s. 15 feet, before reaching the back
end of the pole. This race would be a dead -heat il v were
JI5¢ But o.is866¢ls So the pole more than just gets in.
(It could.even get into a.garage-whose length was as little as
5.4-feet at.rest-and thus 2.7 feet-in motion: the garage front
wouldthen have to travel 17.3 feet against the shock-wave’s
: {‘ b,,m; m ‘? 20 feet, requiring speeds in the ratio 17.3 to 20, i.e., .863
. &- 1 M#c ._to i for aldead he:&t) ‘
There is one dmportant-moral to this story: whatever
'&b result-we get by correct-reasoning in any one frame, must
-y e ZAQ 05, be.true: in particular, it must be true when viewed from-any
Y“‘)T:&' wotherframe. Aslongas the physical laws we are using-are
g Lorentz-invariant, there-must be an explanation of the re-
- sult in every other-frame, although-it-may be quite a differ-
mover b - _ent.explanation from that in the first frame. Recall Ein-
rws’ s Ghen, stein’s “hunch” that the force experienced by an electric
&mm Jw charge when moving through a magnetic field is equivalent
j to a simple electric force in the rest frame of the charge.
Consider, as another example, a “‘rigid”.rod of rest length
L sliding over a hole of diameter4L.on. a smooth table.
When its Lorentz factor is 10, the length-of the rod-is-4 of
the diameter of the hole, and in passing over the hole, it
will fall into it under-the action-of gravity*-(at least slightly:
enough to be stopped). This must be true-also.in the frame
' TA L«J (3 }L of the rod—in which however, the diameter-of the hole is
T‘ k ﬁ only & L! The ondy-way in which this-ean-happen is that

(g ;/ {[/ ={o the front.of the-‘rigid>rod-bends into.the hole. Moreover,
] E even after the-front-end-strikes-the far edge of the hole, the
RN Lov &

\/\v(ﬁ back end. keeps.coming.in-(not yet-*‘knewing’~ that the
"~) Pjh o (%wg“ )from end has been stopped), as it must, since it does so in

P h«,}%?\w éhwq[“ the first description.
\ua‘ “*y *We are here_violating our resolve to work in strici-inertial frames only! The
% b

conscientious reader may replace the force of gravity acting down the hole by
Cﬁm m@ ’/” a sandbiast from-the top—the result will be the same. For a full discussion of
{}WW this paradox, see W. Rindler, Am. J, Phys. 29, 365 (1961).
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Length Contraction Paradox

W. RINDLER
Department of Mathematics, Cornell University, Ithaca, New York

(Received January 29, 1961)

A certain man walks very fast—so fast that the relativistic length contraction makes him
very thin. In the street he has to pass over a grid. A man standing at the grid fully expects
the fast thin man to fall into the grid. Yet to the fast man the grid is much narrower even
than to the stationary man, and he certainly does not expect to fall in. Which is correct? The

answer hinges on the relativity of rigidity.

OME two or three years ago I proposed to
colleagues at Cornell a simple paradox on
relativistic length contraction which I had
already proposed several years earlier to students
at London University. It seemed the kind of
paradox that must occur to anyone concerned
with the subject, but I failed to find it mentioned
in the literature. At a recent professional meeting
it still aroused some interest, and I therefore of-
fer it now.

A-10-in. long “rigid"’ rod moves longitudinally
over a flat table. In its path.is a.hole-10-in. wide.
Suppose the rod moves so fast that its-d.orentz
contraction factor is+10. To an observer B
moving with the rod the hole is only 1 in. wide,
and the rod, being ‘rigid,” might be expected
to pass unhindered over the hole. To an.observer
A at rest relative to the table, however, it is the
rod. that.is only 1 in. long; in passing over the
10-in. hole it is bound to fall somewhat under
gravity, and it will consequently sstrike the far
edge of the hole and so be stopped. Which
description is correct?

The resolution of the paradox has already been
hinted at by setting the word 7igid in quotation
marks. There is no doubt that 4’s description of
events is correct. The rod simply cannot remain
rigid in B’s inertial frame (see Fig. 1). This
illustrates well the difficulties encountered in
the search for a satisfactory definition of rigidity
in relativity.

Before proving our assertion, let us make the
experiment more concrete. The hole shall be
filled with a trap door which will be removed
(downward, and with sufficient acceleration to
allow the rod to fall freely) by the observer 4
at.the instant when to him the hind end of the
rod passes into the hole. This precaution elimi-

nates the tendency of the rod to topple over the
edge. All points of the rod will then fall equally
fast, and the rod will remain horizontal, in the
frame of A. The gravitational field can be re-
placed by a magnetic field acting on an iron rod,
or even by a uniform vertical sand blast from
above, if it be held that special relativity is in-
applicable to gravitation. It must be stressed,
however, that special relativity is perfectly ap-
plicable to accelerated bodies: what it-cannot do
is cope-with-nonflat space times.

Now let it be understood that the rod is
originally a rectangular parallelepiped and that
the observer B uses an internal frame fixed to
the hind end of the rod. Call this frame .5, call

@

N

(b)

AN

Fi1G. 1. (a) Sequence of four observations made by 4
at equal intervals of time ¢, (b) Observation made by B
at one particular instant #. (For convenience these dia-
gram)s are drawn for the case y=4, not y=10 as in the
text.
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A’s frame S, and let their relative velocity be
». Take as common origin event a front-bottom
corner Q of the rod at the instant when the trap
door separates from Q, measure 2, 3’ down from
the top of the table, and x, x’ along the initial
path of Q. Then the standard Lorentz transfor-
mation equations

y=(1-2/¢) (1)

apply to S and §'. The equations of the bottom
edge of the rod in S are ’

z=g/, t=y({'+uvx'/cY),

2=0 when <0, c=3a? when 120, (2)
where a is the acceleration produced by the field
or sandblast. (A uniform field in relativity will
only approximately produce uniform accelera-

tion, but the small error is quite irrelevant here.)

By use of (1), we can immediately transform

Egs. (2) into

W. RINDLER

2’=0 when x’<—52t’/v,f
# =%av?(t' +ovx’/cH)? when &' 2c%/v.

3)

The interpretation of Eqs{ (3) is as follows. In
S’, imagine a parabola thh vertex at (, axis
vertically down, and latus rectum 2¢%/av%* The
vertex of this parabola moves along the rod with
velocity ¢?/v starting at #=0; and the rod, as
it passes over that vertex, “flows” down the
parabola. Its horizontal extent clearly remains
constant until it hits the far edge of the hole.
It can easily be shown that the near edge of the
hole at time ¢’ is at ' = —L/~*—ut’, where L is
the rest length of the rod. Consequently, this
edge, moving with velocity v along the rod, leads
the vertex of the parabola and is overtaken by
the latter exactly at ¥’ = — L, i.e., at the hind end
of the rod. A sizable compression of the rod
must eventually occur in .S’ because, as can be
seen from the description in .S, the hind end of
the rod passes well into the hole.

ORINS Summer Symposium

The eighth summer symposium of the Oak Ridge Instltute of Nuclear Studies will be held
August 28-30, 1961, in Gatlinburg, Tennessee. This year’s topic will be the university use of

subcritical assemblies.

Cosponsoring the symposium are the education committee of the American Nuclear Socxety,
Qak Ridge National Laboratory, and the U. S. Atomic Energy Commission.

Leading representatives of universities, industry, and government will discuss the various
types of subcritical assemblies, the techniques of their use, their applications in university
research and education programs, and other facets of obtaining and operating subcritical as-

semblies on university campuses.

Further information about the meeting is available from the Symposium Office, University
Relations Division, Oak Ridge Institute of Nuclear Studies, P. O. Box 117, Oak Ridge,

Tennessee.
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CHAP. 7] RELATIVISTIC VELOCITY TRANSFORMATIONS 41

Ans.  With the same association as in Problem 7.6, one has

_ #y+v  0+05c
Tl /A, 140

=0.5¢

/1= (@*/c?) _ (0.9¢)/1~ (0.5)

WETIF (w/cHu. — 1+0 = 0.77%¢
.whence
= +ut = J (0.5¢)* 4 (0.779¢)* = 0.926¢
and
u, 0.779¢ o
= == = 1, = .
tan ¢ u = 03¢ 56 or ¢ =573

7.8. Attt =0 observer O emits a photon traveling at speed ¢ in a direction of 60° with the x-axis. A

second observer, O’ travels with a speed of 0.6¢ along the common x—x' axis. What angle does the

photon make with the x'-axis of O’? S0
Ans.  We have
u, = ccos 60° = 0.500¢ u, = csin60° = 0.866¢
;o U= 050—060
T /e, T | 069059 —0.143¢
ot

r_ uym _ (0.866¢),/1 — (0.6)

b="1_ v/cP)u, { (0.60)(0.5¢) 0.990¢
2
Thus
W 099%c
Eng Tu, —0.143¢ G2

and ¢’ = 81.8° above the negative x'-axis. The magmtude of the velocity of the photon as measured

' by O'is
W= Ju? +u? = \J(=0.1430)" + (0.9900)" = ¢

as iS necessary.

7.9. The speed of hght in still water is ¢/n, where the index of refraction for water is approximately
n = 4/3. Fizeau, in 1851, found that the speed (relative to the laboratory) of light in water moving
with a speed V¥ (relative to the laboratory) could be expressed as

u=-c-+kV
n

where the “dragging coefficient” was measured by him to be k & 0.44. Determine the value of &
predicted by the Lorentz velocity transformations.

Sy
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8.2,

8.3.

‘s

8.4.

51yh

8.5.

MASS, ENERGY, AND MOMENTUM IN RELATIVITY [CHAP. 8

while the mass of the bullet as measured by O, since U, =vy,is
' My . my my

so that
= mgy _ m,
e S S
V=@ 1- ) T
Hence )
_ / (2 - m ’ 2 =m'y =
Py =mi/1— (12/c2) (m)uy\/l (/%) = m'y, P,

electron-volts,
Ans.  We have E, = myc? = (9.109 x 10-31 kg)(2.998 x 108 m/s)? = 8.187 X107 ] and

lev 1 MeV
1365‘;1‘5:1—93) (\) = 0.511 MeV

~14
(8.187 x 10 J)( T

Ans. Since Einitia] = Eﬁna]’

e MorC . Mg, c? _ (Bkg)e? " (5.33 kg)c?
o T = @2/ 1~ (,2) /1< 0.8y V1=(0.6)?
my = 11.66 kg

Observe that rest mass is not conserved (see also Problem 8.26).
What is the speed of an electron that is accelerated through a potential difference of 105 v
Ans.  Since K = e AV = 105 eV =0.1MeV, we have
. . ) ,
0IMeV=k=__T0¢ >
VI=0%/c?)
Substituting myc? = 0.511 MeV (Problem 8.2) and. solving, we find p = 0.548c.

Calculate the momentum of 1 MeV electron,

Ans. A E? = (pc)? + Ey?
(I MeV +0.511 Mev)? = (Pe)® + (0.511 Mev)?
p=142MeV/c
A
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But «; = 0.
- —2u i i
2102/ e My(—u)

\/1_[ 2u/c ]2 Vi=@/c)

1+ (@2/c?)
- 2my . @
V1-62/
in agreement with the value found from energy considerations by observer O (Problem 8.26).

SUW\”%@.&S&, bwr, ‘ .
8.28. A particle of rest mass m, moving with a speed of 0.8¢ makes a completely inelastic collision with a
Wd 4, particle of rest mass 3my,that is initially at rest. What is the rest mass of the resulting single body?

Ans.  From pgea = Piiear

0)
Mou, Mg mg(0.8¢)  ,
= = = _—_— §mOC
\/1—(uf2/c2) V1—u?/c?) \/1—(0.8)2
0.)

From Efmal = Einitial’
1—-(u?/ct)y V1= (u?/c?)

Solving these two equations simultaneously, we get

+ 3m002 =

e 27n002 = 4:67my
J1—(0.8)
V)

uy = 0.286¢ My = 4.47m,

8.29. Find the increase in mass of 100 kg of copper if its temperature is increased 100 °C. (For copper the
specific heat is € = 93 cal/kg - °C.)

Ans.  The energy added to the copper block is
AE = m%(AT) = (100 kg)(93 cal/i(g -°C)(100°C)(4.184 J/cal) = 39 x 10°J
If this energy appears as an increase in mass, then
- 5
AE__3Ix10] ;=433 x 10 kg
¢ (3x108m/s)

This increase is far too small to be measured.

Supplementary Problems

8.30. From the rest masses given in th Appendix calculate the rest mass of one atomic mass unit in joules.
Ans. 149 x 107107 '

8.31. Calculate the kinetic energy of a proton whose velocity is 0.8c. Ans.  625.5MeV

8.32. Calculate the momentum of a proton whose kinetic energy is 200 MeV. Ans.  644.5MeV/c

8.33. Calculate the kinetic energy of a neutron whose momentum is 200 MeV/e Ans. 21.0MeV

e T

CHAP. 8]
834. Ca
835. W
me
8.36. At
837. Su
ve
838. W
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839. W
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8.40. R
841. S
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844. ¢
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Spare copy of the drawing in problem 6:
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Indeed, “rigidity’ > is-ansimpossible requirement in rela-
tivity. A-rodpushed at oneend cannot start to.move.at the
other end-at once, since that would allow us to send a
“signal” at infinite speed. A body being acted on by various
forces at various points simultaneously will yield to-each
force initially as though all the others.were absent; for at
each point it takes a finite-time.for the effects of the other
forces to-arrive.  Hence, in-relativity, a. body has infinitely
many.degrees-of freedom. Again, a_body which appears
rigid in one inertial frame-need not.appear rigid.in another:
the rod falling into the hole may keep its precise shape in
the frame of the table (at least, until it hits), while in its own
original rest frame it bends. For reasons similar.to those
preventing the existence of rigid bodies in relativity,.incom-
pressible fluids are equally impossible.

Time Dilation

Let us again consider two inertial frames § and §' in
standard configuration. Let a standard clock be fixed in

S’ and consider two events at that clock at which it indicates

times 1| and 1; differing by 7». We inauire what time inter-
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Indeed, “'rigidity” is an impossible requirement in rela-
tivity. A rod pushed at one end cannot start to move at the
other end at once, since that would allow us to send a
“signal’ at infinite speed. A body being acted on by various
forces at various points simultaneously will yield to each
force initially as though all the others were absent; for at
each point it takes a finite-time for the effects of the other
forces to arrive. Hence, in relativity, a body has infinitely
many degrees of freedom. Again, a body which appears
rigid in one inertial frame need not appear rigid in another:
the rod falling into the hole may keep its precise shape in
the frame of the table (at least, until it hits), while in its own
original rest frame it bends. For reasons similar to those
preventing the existence of rigid bodies in relativity, incom-
pressible fluids are equally impossible.

Time Dilation

Let us again consider two inertial frames § and §' in
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where it can onfy be discuveivs v v
cause of length contraction resides in the preferred ether

frame.

Length Contraction Paradoxes 3 3

The relativistic length contraction is no “i{lusion’: it is real
in every way. Though no direct experimental verification
has yet been attempted, there is no question thatin principle
it could be done. Consider the admittedly unrealistic situa-
tion of a man carrying horizontally a 20-foot pole and
wanting to getitintoa 10-foot garage. He will run at speed
) = 866¢ to make ¥ = 2, 50 that his pole contracts to 10
feet. 1t will be well to insist on having a sufficiently massive
block of concrete at the back of the garage, so that there is
no question of whether the pole finally stops in the inertial
frame of the garage, 07 vice versa. Thus the man runs with
his (now contracted) pole into the garage and a friend
quickly closes the door. In principle we do not doubt the
feasibility of this experiment, 1.€., the reality of length
contraction. When the pole stops in the rest frame of the
garage, it is, in fact. being “rotated in spacetime™ and will
tend to assume, if it can, its original length relative to the
garage. Thus, if it survived the impact, it must nOW either
bend, or burst the door.
Al this pointa “paradox”
about the symmetry of the p

might occur to the reader: what
henomenon? Relative to the
runner, won't the garage be only 3 feet long? Yes, indeed.
Then how can the 20-foot pole get into the S-foot garage?
Very well, let us consider what happens in the rest frame of
the pole. The open garage now comes towards the sta-
tionary pole. Because of the concrete wall, it keeps on going
even after the impact, taking the front end of the pole with
it. But the back end of the pole is still at rest: it cannot yet
«inow” that the front end has been struck, because of the




EINSTEINIAN KINEMATICS

/

finite speed of propagation of all signals. Even if the “sig-
nal” (in this case the elastic shock wave) travels along the
pole with the speed of light, that signal has 20 feet to travel
against the garage front’s 15 feet, before reaching the back
end of the pole. This race would be a dead heat il v were
75¢. But ¢ is .866¢! So the pole more than just gets in.
(It could even get into a garage whose length was as little as
5.4 feet at rest and thus 2.7 feet in motion: the garage front
would then have to travel 17.3 feet against the shock wave’s
20 feet, requiring speeds in the ratio 17.3 to 20, ie., .865
to 1 for a dead heat.)

There is one important moral to this story: whatever
result we get by correct reasoning in any one frame, must
be true; in particular, it must be true when viewed from any
other frame. As long as the physical laws we are using are
Lorentz-invariant, there must be an explanation of the re-
sult in every other frame, although it may be quite a differ-
ent explanation from that in the first frame. Recall Ein-
stein’s ““hunch’ that the force experienced by an electric
charge when moving through a magnetic field is equivalent
to a simple electric force in the rest frame of the charge.

Consider, as another example, a “‘rigid” rod of rest length
L sliding over a hole of diameter L on a smooth table.
When its Lorentz factor is 10, the length of the rod is 4 of
the diameter of the hole, and in passing over the hole, it
will fal} into it under the action of gravity* (at least slightly:
enough to be stopped). This must be true also in the frame
of the rod—in which however, the diameter of the hole is
only & L! The only way in which this can happen is that
the front of the *‘rigid” rod bends into the hole. Moreover,
even after the front end strikes the far edge of the hole, the
back end keeps coming in (not yet “knowing” that the
front end has been stopped), as it must, since it does so in
the first description, '

*We are here violating our resolve to work in strict inertial frames only! The
copscientious reader may replace the force of gravity acting down the hole by

a sandblast from the top—the result will be the same. For a full discussion of
this paradox, see W. Rindler, 4m. J. Phys. 29, 365 (1961).
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when my, the rest mass, is the mass of the body measured when it is at rest with respect to the observe
Problem 8.1. ‘

8.3 NEWTON’S SECOND LAW IN RELATIVITY

The classical expression of Newton’s second law is that the net force on a body is equal to the 1
change of the body’s momentum. To include relativistic effects, allowance must be made for the fa
the mass of a body varies with its velocity. Thus the relativistic generalization of Newton’s second

dp d mou d
g F=P_2| 2 | ="(mu)
i dr dt [ N /cz)] 2™

8.4 MASS AND ENERGY RELATIONSHIP: E = mc?

In relativistic mechanics, as in classical mechanics, the kinetic energy, K, of a body is equal
work done by an external force in increasing the speed of the body from zero to some value u;, 1.e

U=u
sz F.ds
u=0

Using Newton’s second law, F = d(mu)/dt, one finds (Problem 8.21) that this expression reduces

K = mc* — myc?

5| The kinetic energy, K, represents the difference between the fotal energy, E, of the moving partic |
3 the rest energy, E,, of the particle when at rest, so that E

E — Ey =mc* — moc?

If the rest energy is. chosen so that £, = myc?, we obtain Einstein’s famous relation
2

E =mc

which shows the equivalence of mass and energy. Thus, even when a body is at rest it still has an «
content given by Ey = mc?, so that in principle a massive body can be completely converted into ar

more familiar, form of energy.

8.5 MOMENTUM-AND ENERGY RELATIONSHIP

Since momentum is-conserved, but not.veloeity, it is often useful to express the energy of a b
terms of its momentum rather than.its velocity. To this end, if the expression

— mO =
.= - (uz__/cz)

is squared and both-sides-are multiplied by ¢*[1.— (u*/c*)], one obtains

Mt — Pl P = mg e
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be shifted to a wavelengt A, as.
e ut 3940 A for a stationary source. This is a very
, elength—nearly 25%. Using Eq. (5-14) we

tinuous spectrum—pro
through cooler gases 0T vapor

pared to abo
large increase of wav

have oy 12 IH I 12 .
V‘HGQ\UA‘HI”.W. cT = |l||l~.lm
Therefore,

WA -1 (5-16)
B= R +1

Putting \'/N = 4750/3940 = 1.21, we find

0.46 _

0.2
B 2.46

Therefore,

p=102=6X 107 m/sec i

138 Relativistic kinematics

Edwin Hubble, who did so much to advance the study of the
depths of space outside our own galaxy, established the existence
of a linear relation between the velocity of recession and the
distance for remote galaxies. Part (B) of the illustration on pages
140 and 141 shows the data of Part (A) plotted so as to exhibit
this spectacular relationship, which is known as Hubble’s Iaw.
The determination of the galactic distances is much less direc
and definite than the measurement of the Doppler shifts anc
ultimately involves such profound questions as whether space or
the grand scale is describable by Euclidean geometry. But this is
beyond the scope of our immediate topic, and if you want further
details you should hunt them up for yourself in a book on

astronomy.! It must suffice here to lay the chief emphasis on
the Doppler shifts themselves.

MORE ABOUT DOPPLER EFFECTS

As the first Sputnik sped around the earth it emitted a radio-
frequency signal that was picked up by many tracking stations,
Figure 5-6 shows one example of such observations.2 When the
satellite is very far away, approaching or receding, it gives maxi-
mum or minimum Doppler frequency-shifts corresponding to
the one-dimensional problem we have been discussing. But the |
switch from augmented. to diminished frequency is not instan-
taneous, as it would be if the moving object passed right through
the position of the observer. Instead, it follows a smooth curve
that can yield information about the altitude as well as the speed
of the moving source. Let us analyze a situation of this kind.

In Fig. 5-7 we show the path of a satellite passing at a
height /4 above an observation point 0. We shall regard the path
as being an approximation to a horizontal straight line, so that
the satellite’s position can be described by the following equations:

x=vt y=h
The time ¢ = 0 marks the instant when the satellite is directly
overhead. .
We suppose the satellite to have a transmitter that sends out

!See, for example, F. Hoyle, Frontiers of Astronomy, Harper, New York,

1955, or his beautiful, more recent book, Astronomy, Doubleday, New York,
1962,

?R. R. Brown et al. (M.LT. Lincoln Lab.), Proc. IRE 45, 1552 (1957).

139 More about Doppler effects
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This is a misconception. We can meaningiuily aiscuss o uss
placement and all its time derivatives within the context of the

Lorentz transformations.
Just as with the velocity transformations, it is very advan-

tageous to distinguish~between longitudinal-and-transverse-ac:
t to-the-direction-of relative motion-of-two

inertial frames. We have
u;, + v

T+ o/ G-2)

W { | .

Uy =171 puy’ /c? L—« (5-3)
t=Y({ + vx'/cz) (5-1)

g

Therefore,
= e { u, +v v duz’]
271 4 vu/c2 (1 + vu,'/c2)? 2

— constant for the'purpose of this-caleulation.)

(Remember thatv
Collecting the.terms together, we have
n— a - o2 /%) dus’ dul
T 4 vu /e2)? T a2@ 4+ vu/c2)?

Also, from Eq. (5-1),
dt.= {dt"+ 70 dx’/cz) =21 + vyx’/cz) dt’

Therefore,

_dus _ du' /dt’
“Mae=ge T (1 4 vus' /2P
ie.,
-a L
r = A~ — 5—
“ ¥3(1 vtz /c2)? 7 (5-24)

Similarly, from Eq. (5-3) we have

duy’ u,/ v dus

—_—

-y = Y1 + vu,,’/c2) Ty 4 vud [ 2

Accelerated motions .
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Only.if u,/ = 0 or a; =0 (or both) does the expression.for.ay
become relatively-simple. But for-these cases we have

Special case (u,/ = 0 or a;/ = 0):

a,’

=T o 62 =20

It may be noted that if.a body-is-instantaneously.at-rest in

S! (=t =051t acceleration-ecomponents as measured inS

are_diminishedby-the factors-¥® for the.x-direction and opmfor

the.y-direction, as compared with the accelerations measured in
( the instantaneous rest frame .

The main lesson to be learned from the above calculations is
that aceeleration-is.a_quantity of Jimited-and-questionable-value
in-special ‘relativity. Not only is it not-an invariant, but the
expressions_for it are in_general cumbersome, and moreover_its
different components transformt in different-ways. Certainly the
proud position that it holds in Newtonian dynamics has no
counterpart here.

THE TWINS

Of all the supposed paradoxes engendered by relativity theory,
the twin paradox (or clock paradox) is the most famous and has
been the most controversial. It asserts that if one clock remains
at test in an inertial frame, and another, initially agreeing with
it, is taken off on any sort of path and finally brought back to its
starting point, the second clock will have lost time as compared
with the first. In today’s parlance, the astronaut will end up by
becoming younger than his twin brother. This result, which was
stated by Einstein in his very first relativity paper (1905), became
@ the subject of a raging controversy in the physics literature dur-
ing the years 1957-1959, after preliminary skirmishes dating back

154 Relativisty kinematics
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Conservation.of linear-momentum:
p= Qle=Myp (2 y
3’ }Sﬂ \{J “;3 ;
Therefore, /@J‘/ & f L (&'Mif" w!
= Mo-+Q/c? cl*,
)’fﬁ?f”’ B.=v/c.=-Q/(Moc*+ Q) : / (6-21)

Note that, _for Q<< Myc2?, we have~simply. 8. ~-Q/M >
—corresponding-to-a-Newtonian type-of-calculation in which a
body of invariable mass M is given an impulse of magnitude
Q/c by the photon.

Emission

Consider a stationary atom of mass M, that emits-a-photon of
energy-Q. This is already more.complicated than the previous
example, because the emitting atom-undergoes-a-recoil. Let the
recoiling atom have mass- M’ (and rest-mass-My") and velocity v.
Then

E = Moc?2 =-Mc>+-Q="TF + Q

p=0=Myv—=Q/c=p"=QJc
1e.,

E' = Moc? — Q

!’

ep-=-Q

We will solve.these equations-for-Q- by taking advantage of the
relation between E’ and. p’ for the recoiling-atom. Using Eq.
(6-19), we have
(Mo'c?)?=—(E)? = (cp")?
=AMocZ-= Q)2 (Q)?
1e.,

Mo'c?)?="(Moc?)2-—2Moc2Q (6-22)




Therefore,

Mo )2 = (MocH)? = 2Moc2Qo—+Q0”

Combining-Eqgs. (6-22) and (6-24), we get

0 = Qo (l — 51—%;) (6-25)

Since the photon-energy-is proportienal-to-the-frequency,
the corresponding frequency-is lowered-and-the-wavelength.in-
creased:~ Only if the emitting.atom could somehow be prevented. ]
from- recoiling &'o_u_ld the total energy release..Q.o-be-conferred
‘on.the photon. -
These results have important physical implications, because H
' they place.restrietions.on the ability of atoms and nuclei to re-
sbsorb-their-own characteristic radiations. Any-element-when
suitably stimulated (as in an electric-discharge tube) emits-a
characteristic-line-spectrum—for example, the Balmer series of
hydrogen. ~These lines are very sharp; that is to say, each line
represents an extremely small spread of wavelengths about some
average. This sharpness is an expression of the fact that the
emitting atoms themselves cannot exist in states with any arbi-
trary energy but are limited to a series of sharp energy levels.
The.emission of 4 photon corresponds to-a certain ‘decrease-of
energy-(or-mass).of an.atom, as described by Eq. (6-23), when
the atom falls from a state 4 to a state B. The photon, however,
\is cheated-out-of 2 small fraction-of this energy by the atomic

}e¢éi1. Thus, if such-a.photon.encounters another similar.atom ’
which is in its lower state-B-and.at rest, there-is-not-enough energy..

1o raise the atom back to.state 4. (and the situation is exacerbated

by the.fact that the absorption-process in-turn involves a recoil).

If atomic energy states were perfectly sharp, and if emitting and
| absorbing atoms were both initially stationary, a_vapor would
thus. be transparent to its.own radiation. Of.cousse; the situation
we have described is unrealistic on two counts. Atomic energy-
levels.are _not perfectwly sharp, and the atoms. of .a.vapor have
thermal motions that can, if the velocities are right, nullify-the
“ffects.of recoil: It turns out, in fact, that the thermal motions
completely mask the effect in the case of visible light. But with
‘the much more energetic photons that are ejected from nuclei as
v rays the recoil effect is relatively much greater [note that ac-
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0 \”‘5"” Although, on energetic grounds alone, .a-¥-ray of 0.51 MeV

| 5P would_suffice” to-provide-the rest-mass-energy—of -one electron;

“the only type of process-that-nature-allows-requires-at least twice
this~amount.

Actually, although charge conservation applies invariably in

these transmutations, it is by no_means the only restriction. For

example, one could env1sage the creation of the constituents of a

neq_tral hydrogen ‘atom—one proton and one electron—using

the energy of a single photon (> 938 MeV). But this is not an
observed process. It appears that many types of partréléé. (m-
“chuding electrons, protons, and neutrons) cannot-be-ereated
without-calling-into-existence their so-called antiparticles—par-
ticles of the same-rest-mass,. but-with-eleetrie-charge;~magnetic
moment,-ete.-of -the-opposite-sign.- The creation of a neutron,
even though it is uncharged, does not occur without the simul-
taneous creation of an antineutron (differing from it in the sign
of the magnetic moment).

2. The other reason that may step up the energy require-
ments for particle creation is a purely practical one. It arises from
the fact that the creation process normally-is-made-to take-place
by causing eneroetlc collisions between preexisting particles.
Thus, for.example, positively.charged.a mesons-(pions) can be
made by bombarding a hydrogen target with high-energy protons:

P A Po=s PN 47+

The colhdmg protons, Py and Py, give rise to a proton, a neutron,
and a pion, as indicated. (The = meson happens to be a particle
"that can be created.singly, without an-associated antiparticle.)
Since a neutron-and-a-proton-have.almost equal rest-masses;- }he
.only new rest energy needed.is that represented by the pion, about
_140MeV. But if the target-proton.Py.is.initially-at-rest-and Py
has a large momentum, a good deal of kinetic.energy.is-locked
up.in_motion.of the system as a whole,.and is unavailable for

conversion into the rest-mass-of new-particles.
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(2 (b)
Fig. 6-5 (a) Two protons colliding with equal and
opposite velocities in the zero-momentum frame.
(b) The final state in this frame at the threshold for pion
production, yielding a proton, a neutron, and a = meson
at rest.

ciple. If.particles-Py.and.Po could-be-made-to collide-with-equal

and-opposite-momenta,.the amouat. of -energy-associated’ w1?ﬁ

‘the-general-motion-of-the-systen would be zero. All the kinetic
energy-of collision.would-then-be available for particle-creation:
To produce colliding beams of particles traveling in opposite
directions is technically a great deal harder than to have one beam
striking a stationary target, but the payoff can be great, as we
shall see.

Let us now consider in more detail some of these creation
processes.

Pion-production

Whether or not we have colliding beams, wvy_gg_ngg&alwaysjmqg_iqgwﬂ

ourselves to be.in.a frame-of reference-where-the total momentum
js.zero. Suppose we do this for two colliding protons, so that
‘they have equal and opposite momenta; ==p; and-a-total-energy
2me2 [Fig. 6-5(a)]. It is conceivable that in this zero-momentum

frame we have a.final.statey as represented by Fig. 6-5(b),-in-

which._all.pasticles-are~at test. This will .represent.the-most
economical condition_for...particle . creation,. since nothing is
wasted on kinetic energy, and will-give-us

E = 2mc? = 2moc2 = mgc?

where m is the rest mass of a nucleon—i.e., of either a proton
or a neutron, disregarding the slight mass difference between
them—and m, is the rest mass of a charged pion. 1 Thus we-have

m m

mo 2mg

1Taking the electron mass as a unit, the proton mass is 1836.1 and the neu-

~ 1 ciee A inlmea
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=
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E
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With-mz=-273m,, m, = 1837m,, this gives.m/my=-1.074, or

mo/m-=-0.93We can use-this value of m;/m to fix the-speed
(8) -of-each.proton.in.the-zerosmomentum frame, for we have

mjmo-=-Y-=—(1"="52)=172 (6-27)
pRe=t=(m5/m)2 = 0.135
B.2=-0:37

Now if-proton.P,.is-actually-at-rest-in-the laboratory-frame, the
zero-momentum frame must.have-the-speed-3-relativeto-the
laberatory.- Thus the proton .2y;-which-has-the speed B in the

" zero-momentum-frame; hasa velocity 81 inthe laboratory frame

given by

Rl S SO

= TTE 1+6

according.to-the-relativistic.velocity-addition_theorem [cf. Eq.
(6-6)]. From-this-we have

Yy = (L= B2 ~-131

This means that the-bombarding proton must-have_a_kinetic
energy--of (Y.q4-~-Dmge?, -or-0.3tmyc?~ The rest_energy of a
nucleon-is-938-MeV;-so the kinetic_energy-required-is-about

-290-MeV;-or rather more than-twice-the rest energy-of the created

'pion. It would have been precisely.a-factor 2-if we could have

“ignored-the-relativistic ificrease "of “mass-with-veloeity: for-the

protons.. (Satisfy yourself that this is so.)

The bombarding energy as calculated here is what is <called
the-threshold-energy-for-the process.” We know that anything less
than this is insufficient, and in practice the bembardment is
carried out at energies appreciably.above-threshold;-because-this
enhances-the-efficiency-of the-process=i.e., the probability that
in a proton-proton collision a pion will in fact be created. But
this last statement raises questions beyond our present discussion,
which is limited strictly to the collision dynamics and the cal-
culation of threshold energies. Figure 6-6 is a bubble-chamber
photograph showing the kind of evidence from which the occur-
rence of particle-creation events like these can be inferred.




Fig. 6-8 Elastic
scattering of an
incident proton of

about 5 MeV by at 5
initially stationary

proton in a photo-
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Fig. 6-9 Relativistic elastic
collision of @ particle with

a similar particle initially at
rest. The final state is
assumed 10 bea symmetrzcal
one in which the particles
have equal speeds and hence
make equal angles with the
initial direction of particle 1.

gpecial.case in which, after ' collisions-the-tWo particles (as ob-
> served 1n the laboratory frame S) travel symmemcally at equal

of-the-incident pasticle: Let the incident

and momentum: Ps and let the
momenta of the particles after_collision be of magnitude«pe- at
_angles-==07 /240p1, a8 shown in Figure 6-9. Then by conservation

of-energy and momentum We have

(6-28)

(6-29)

(6-30)
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Fig. 6-10 Elastic
proton-proton
collision in a liquid-
hydrogen bubble
chamber, using
incident protons of
about 3 Gev. The
incident proton

. enters at 1, and the

1 two recoiling protons
¢ leave at 2 and 3.

One cannot tell which
of the latter was the
incident proton. Rele-
vant tracks empha-
sized. (Brookhaven
National Laboratory.)
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-Substituting these in Eq. (6-29) gives us ﬁmﬁé{ /[

It proves convenient to ifitroduce the kinetic energy Ky of-the

_incident-particle;so that we put

Eyr=Ey -+ K, ,
Using Egs. (6-28) and (6-30) we then find

¢?p1? = (Bo+K1)? — Eo? =Kr(2E¢+K1)

¢’p2® = (Eo + Ki/2)? ~ Eo? = K1(Eo + Ki/d)

0 2Ey+ K 6/ G’{&m
2 0 1 W o nnd 1
ramrn )l o Cd M&?

Putting

€0s.0. = ?_coszg =] L %w “A

2 sl
we find um, e U
K m%;wb -
—costl = m 6 31)

~ The change in the appearahce of the collision as we go from low

to high energies is nicely displayed in Eq. (6-31). “ForKi<<-E,

-we-have.ces-=—0,6.—.x/2, For Ky>> £, we have cos.f.— 1,
«=="0> This relativistic compression of the scattering angles was

first experimentally verified by F. C. Champion in 1932 for fast
electrons (8 particles). ! Using a cloud chamber, he studied the ]
elastic collisions of these electrons with the electrons of the E
atoms of the air in the chamber. Since that time the effect has
become a commonplace in high-energy particle physics. Figure %
6-10 shows a bubble-chamber photograph of a proton-proton

'F. C. Champion, Proc. Roy. Soc. (London), A 136, 630 (1932).
2
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Fig. 6-11 Compton effect.
An incident photon is
scattered and degraded in
energy as the result of an
elastic collision with an

initially stationary electron.

collision of this type, at an incident proton energy equivalent to
several proton rest-masses.

The Compton effect

Of all the phenomena pointing to the corpuscular properties of
photons, the Compton effect is perhaps the most direct and
convincing. It is the-collision-of-a phoeton with-a-free electron=
which in practice means an electron loosely bound to an atom,
so that it is effectively free. The collision-is-elastic;in-the sense

that-no-energy is~siphoneds oﬁ" from—kinetic-energy into other

forms ‘but-because the-electron.zrecoils; the scattered photon has-

a 1ower energy, and hence a longer wavel ngth “than the incident

'photon The systematic study of this phenomenon during the

years 1919-1923 by A. H. Compton,! using X-ray photons,
brought him a Nobel prize in 1927.

The Compton scattering process is an essentially relativistic
collision, and can be described as follows. A-photonof energy
Q-strikes.a.stationary electror;~which recoils-in the-direction-¢
(Fig. 6-11). The.-photen-is scattered—in the direction 8 with

energy-@: Conservation.of-energy and~momentum give us the
following:

Qo-+-moe>="E + QO (6-32)
noQofe-=-nQ@/c+p (6-33)

where E and p are the energy and momentum of the recoiling
electron. If-we-are interested in the scattered photon and not in

- the.electron, we can proceed as follows:

(@o="0)F moc® = E
(noQo-—n@)="cp
1A, H. Compton, Phys. ‘Rev., 22, 409 (1923).

104 TRelativichie dvnamics—collisions. conservation laws
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where no-and.n are unit vectors in the initial.and final-photon
directions, as shown. Square-each of the-above (i.e., form the
scalar product of each side with itself in the second case):

Qo @)2 - 2(Q o — Qmoe?~+-(moc?)* = E? (6-34)
Qo2 —2060Qcos 0 + 0? = c*p” (6-35)

Subtracting Eq. (6-34) from (6-35),
2000~ cos ) — 2(Qo — Qmoc?-=

Therefore,
1 1 1
~Q— = _Q_O = moc2 (1 ==CO8 9)
If the quantum energy is Q, the wavelength-is-given-by

Thus in terms of wavelength the Compton effect is described by
the following equation:

A=t = e (1 — cos 6) (6-36)
moc

For-electrons;—h/mge—=-0:02426-A, or 2.4 X 10~'°m. What
Compton did was to establish that the scattered X-ray wave-
length conformed to Eg. (6-36), both in its angular dependence
and in the absolute size of the shift.! Figure 6-12 is a graph
constructed from Compton’s published data. It remained a
matter of great interest, however, to demonstrate the ballistic
nature of the collision by showing tﬁét the recoiling electron
appeared simultaneously with the photon, and in a direction ¢
hniquely defined by the dynamics. The latter feature was con-
vincingly demonstrated by Cross and Ramsey in 1950, using
incident photons (7 rays, in this instance) with a sharply defined
energy of 2.6 MeV. The experiment confirmed that the angle
between photon and electron after scattering had the theoretical
value within narrow limits (see Fig. 6-13). The coincidence in
time between the particles in a Compton scattering process has
1The latter point is important, because even on a classical wave picture of
radiation one can picture a free electron as being given a velocity under the
action of radiation pressure. Radiation scattered from it would then be
Doppler-shifted with the same angular variation as that given by Eq. (6-36).

But the size of the shift would not be sharply defined, because the electron
velocity would increase continuously from zero.



shall now discuss a classic experiment that exploited the Doppler
effect to provide convincing quantitative evidence of the time-
dilation phenomenon.

DOPPLER EFFECT AND TIME DILATION

Back in 1907 Einstein had suggested that a measurement might
be made of the apparent wavelength of light emitted at right
O angles to their direction of motion by rapidly moving atoms.
) % According to Eq. (5-17), the radiation=travelingat~an-angle=6*
% \Ag> o~ ~tosthesdirectionof @ THOViTig source=has «

- anbservedfrequ"‘énc? -

s : \'L/ - . v{(‘a-’ ‘J:_,E -

. B — B cos 0
e

i ' This defines anapparent wavelength-given by

INATEN o ii—

N(B)= D 1= BCosh _ on==Bcoty - - (5-19)

g a=p)"

| The angle 6 is the direction as measured by the observer. If we
set # = /2, the apparent wavelength is larger than X\ by just the
factor v. Now if a proton accelerated through about 5 kV picks

tip an electron, it forms a hydrogen atom moving at a speed of
about 10® m/sec, so that 8 = 1/300 and ¥ — 1 = 5 X 10~°.

This value of ¥ — 1 represents the fractional change of measured
wavelength for any light emitted sideways by the moving atom

and for a line in the visible spectrum at 5000 A would mean an
absolute wavelength shift of about 0.025 A. This is extremely

small but might in principle be measurable. There is, however, a

B very serious practical difficulty. If one is te.establishthe.existence
' of this transverse, or second-order,.Doppler effect, (as it is vari-
ously called), one mustzbe-sure that the angle.§.is.precisely m /2.

A deviation from it by the amount 8 radians (equal'tb"'abou"g“a‘:é"“

in this examnled wonld cause the first-order Dobpler factor (that
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which agrees with Fizeau’s experimental result.

7.10.  Evaluate the Doppler equation to first order in v/c when the source and observ
each other.

Ans.
2
v
17 I-i-E 1 ——
c c c c
v ~

v v_vo v Nvoc-f—v
\}1+— Z 14 -
c c c

which is the classical expression for the Doppler effect when the receiver is stat
the medium. '

7.11. A=ear.is_approaching.a.radar.speed irap.at-80.mi/hr. If the radar-set works
&Q@a?ﬁml@mﬂla Wha&@%.%@ﬁyp Shlxﬁﬂ,;SmQQﬁ&LYL@d,by the.patrolman.at the rafiar St

Ans.  “Fosfirsworder jn v/¢, the frequency received by the car 15*"*‘*\_7 At// lL: Z“@“ J
Tl g

s e

from which (86-mri7hr=351rts) b (U {—f?\.zi\)

v 2 x35m/s 9 3
ety N sy, =~ /> 20 x 10° Hz = 4. {
ey A B 3% 10°m/s x 20 x z =4.67.x.10. H

7.12. A star is receding from the earth at a speed of 5 x 10~3¢. What is the wavele
sodium D, line (5890 A)"
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Thus we have

el PP COS 0/C)

But 1/7/ represents the received frequency v’ of the signals under
these conditions. Hence

. Cose) B
ie.,
a1 — 52 1/2 -
4 S v )
e ;"1—"_'_'_5'&35_9_ : 51

T ——

If we wanted to proceed to construct (or analyze) the graph of
observed frequency versus time (Fig. 5-6), we would make use of
the relationship

— vt

cosf = WW (5—18)

We did not really need special relativity to discuss the
Doppler effect of Sputnik I, because the measurements involved
were not sensitive to the differences of the order of g%—ie., 2
few parts in 10! %—between relativistic and nonrelativistic be-

.. it havior in this case. It is true that, with the atomic clocks now

‘ «‘}\) V?b&“‘)\ available as frequency standards, such subtle changes are by no
\\jv é’&}-ﬁ means beyond the reach of detection. But we shall not pursue
this topic. The satellite problem simply provided a nice frame-

work within which to develop the theory of Doppler effects for
a source moving in an arbitrary direction. The really important
applications of the Doppler formula as expressed by Eq. (5-17)
are in the analysis of radiation from swiftly moving atoms, nuclei,
or other subatomic particles. And as one example of this, we

—— )

Fig. 5-7 Diagram
for consideration of
Doppler effect with
signals emitted at

anole A to line of



pulses at a frequency v in its own rest system. Considergtwo % - f}\' kc
successive puises thatFare emitted from the positions ¥ and Xy~ ‘ W ,
as shown, at times<we can denotedg-andsts> The time-interval T ' _\_\
between-the-pulses-is-/v in.the-inertial frame of the satellite but

is.greatersthan this by, the.time-dilation.factor.¥.in.the et

"‘ﬁ

.

’ ; «
Pon Wt

frames~Thus we have \
Lo ="YT mm——yfy Vi

The pulses-take-times=r{/c “anderyje.respectively to=reach=0O, so

that the measured fime-separation.g. between them is given by

m&:m::u £9 '+ ¥ Q%C sommsnlf i rf O

ot Q}/’T"""’“(r 1m‘7’1:2; / .

a

| & Aictance 0 T Tt R . | J: i Or .
the satellite dravels-a very -small distance during one ‘cycle-of its. Dop;
transmiter.signals), we can with.good accuracy put signa
. angle
s (X Quimasiin) 0080 = motic
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The energy and momentum of the particle in the two frames are
as follows:

In S:’

E = Y(w)moc?
Py = Y(Wmou, ¢ where Y(u) = (1 — u?/c?)~1/2 (7-3)
Py = Y()mouy

In S’

Ele=y(umoc?
po = Y()mouy' p where Y@') = (1 — w'?/c?)~1/2 (7-4)

oy = YW )mou,

The one big step in relating these two sets of dynamical quantities
1is to express Y(u) in terms of quantities measured in 8, or Y(u')
in terms of quantities measured in S. Let us take the latter. We
have

’Y(u’)~= [1 — (u/)z/cz]—uz : ‘
= [l — ()2/c2 — ()2 /2] =112 (7-5) ’

We shall treat this by easy stages. First, consider the following:

"2 2 (s — v)°
Lo—(uz")"/c =1—c7(1'—T/c2)2 ;
_ - vy /D) — (uy — v)°/c” '
a-— vuw/c2)2 - a Yo
1 — Uy /c — v /c e (vuz/c
(A — vuy/c2)?

Therefore,

2,2 2,2
{ - et = e Lol (7-6a)

Next, note-that; from equations (7-2), we have ,
) = L9 i

2o _ ([N A= /e%) 3
(uy ) / (1 — UHz/C2)2 . (7 6b)

o B i TV

Subtracting"Eq. (7-6b) from (7-6a), we get

o = M2/C2)(l — _1)2/02) i
i =) e = (4 — ou,/c2)2

TR R T B

in which we recognize the squares-of-the-reciprocals-of-¥(u),

" % v(w), and Y(v).
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We have, imfact,
A')= ¥ @A — vu,/c?) (7-7

“Now taking this result in conjunction with the first of equations
(7-4), we have

El=vW)[Y(Wmoc? — vY(Wmou,)

which, by reference to equations (7-3), can be expressed as

follows:
B ="YONE = vp,) (7-8)
Again, taking-the-equation-forp;5-we have
Pe== Y)Y (Wmo(u, — v)
e,
Dol UOYpr-—-0Efc?) (7-9)
Finally, taking the equation-forpy/;-we find
Py== Y(@wmou,
Therefore,
i ="y (7-10)

Let us collect together the transformations from S to S’ ex-

pressed by Egs. (7-8), (7=9), and (7-10), plus the corresponding
transformations from S’ to S:

LORENTZ TRANSFORMATIONS
FOR MOMENTUM AND ENERGY
’

P = Y(p. — vE/c?)  p, = Y(p) + vE'/c?)

!

Dy = Dy Py = by
pz’ = D p: = p;/
E =7(E — vp,) E=YEF + vp))

withY = (1 — v2/c2)~V/2

where v is the velocity of .S’
as measured in S

(7-11)

One striking feature of equations (7-11) is that the momen-
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